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Abstrakt:
Prˇedkla´dana´ diplomova´ pra´ce se zaby´va´ studiem produkce Λ-hyperjader v reakc´ıch
zp˚usobeny´ch kaonem K− zachyceny´m na atomove´ orbiteˇ. Vy´pocˇty jsou provedeny v
ra´mci impulsove´ aproximace s porusˇeny´mi vlnami (DWIA). Elementa´rn´ı proces kaon-
nukleon popisujeme pomoc´ı mikroskopicke´ho modelu zalozˇene´ho na chira´ln´ı poruchove´
teorii. Pouzˇit´ı mikroskopicke´ho modelu je jedn´ım z prˇ´ınos˚u pra´ce. Jako prvn´ı nav´ıc
zahrnujeme efekt pionove´ distorze prˇi vy´pocˇtu efektivn´ı nukleonove´ hustoty dostupne´
pro reakci. V samotny´ch vy´pocˇtech uvazˇujeme neˇkolik kaon-jaderny´ch i pion-jaderny´ch
potencia´l˚u. Studujeme vliv r˚uzny´ch faktor˚u na vy´slednou pravdeˇpodobnost reakce. Nasˇe
za´veˇry porovna´va´me s experimenta´ln´ımi daty a prˇedchoz´ımi teoreticky´mi pracemi na
toto te´ma. Acˇkoli jsou nasˇe vy´sledky blizˇe k experimenta´lneˇ nameˇrˇeny´m hodnota´m nezˇ
vy´sledky prˇedchoz´ıch autor˚u, shoda s experimentem sta´le nen´ı plneˇ uspokojiva´.
Kl´ıcˇova´ slova: hyperja´dro, K− meson, DWIA aproximace, opticky´ potencia´l
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Abstract:
The thesis focuses on Λ-hypernuclear production induced by K− meson stopped at
an atomic orbit. Calculations are performed within the framework of the distorted wave
impulse approximation. We use a microscopic model based on chiral perturbation theory
for the description of the elementary kaon-nucleon process. The use of the microscopic
model is one of the assets of the present work. Another novelty is a proper treatment
of the pion distortion in the effective nucleon density available for the reaction. We
consider several kaon-nucleus and pion-nucleus potentials. We study various effects
on the capture rate of the reaction. We compare our results with experimental data
and with previous calculations. Although our results are closer to the experimental
values then the results of previous authors, the agreement with experiment is still
unsatisfactory.
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Chapter 1
Introduction
A hypernucleus is a bound system of nucleons (protons, neutrons) and at least one hy-
peron (Λ, Σ, Ξ, . . . ). The first hypernucleus was detected in an interaction of cosmic rays
with emulsion in 1952 [1] and totally 37 Λ-hypernuclei [2] and 4 double Λ-hypernuclei [3]
have been observed since then.
A hyperon is distinguishable from a nucleon, therefore its behaviour in the nuclear
medium is not affected by the Pauli exclusion principle. This makes the hyperon an ideal
and unique probe of the deep nuclear interior. The added hyperon introduces a new di-
mension to the traditional nuclear physics dealing with nuclei composed only of protons
and neutrons. It represents the first step to a more general world of flavoured nuclei.
Hypernuclei enable us to study various nuclear models as well as models of baryon-
baryon or meson-baryon interaction in the strange sector. Strange particles (hyperons
and possibly kaons) are also expected to play an important role in neutron stars [4]
and the study of hypernuclei can provide valuable information about the properties of
matter under such extreme conditions. Weak decays of hyperons bound in hypernuclei
also provide a tool for investigation of the propagation of pions in the nuclear medium
in addition to the study of weak interaction.
Hypernuclei can be produced in various reactions. For example, the elementary
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process can be the conversion of a nucleon N into a hyperon Y in the reaction
a+N → b+ Y , N(a, b)Y.
Systematical experimental studies of hypernuclei began in the early 70s. Experiments
using kaon beams in CERN (Switzerland) and later in BNL (USA) and FINUDA (Italy)
enabled physicists to explore hypernuclei produced in (K−, π) reactions [5, 6, 7, 8]. The
study of (π+, K+) reactions started in the mid 80s in BNL [9] and proceeded intensively
in KEK (Japan) [10, 11]. The first successful measurement of (e, e′K+) reaction took
place at JLab (USA) in 2003 [12].
The study of strangeness exchange reactions induced by kaon (stopped or in flight)
can provide additional information about the K−-nucleus interaction. For example,
one can study the effect of the depth of the kaon-nucleus potential on the calculated
characteristics of the hypernuclear production processes. The depth of the kaon-nucleus
potential is still an open question. On one hand, fits to K−-atomic data based on
phenomenological density dependent optical potentials [13, 14] or on the relativistic
mean field theory [15, 16] lead to kaon-nucleus potential of depth 150− 200 MeV. On
the other hand, calculations using chiral models fitted to K−N scattering and K−-
atomic data result in potentials of depth 50 − 100 MeV [17, 18]. The depth of the
K−-nucleus potential is closely related to possible existence of deeply bound K¯-nuclear
states or the question of kaon condensation The analysis of hypernuclear production
might help to answer the question about the depth of K−-nucleus potential.
The reaction we focus on in this work is the Λ-hypernuclear production induced by
the stopped kaon, (K−stopped, π). In this type of reaction, the kaon is slowed down and
then captured at an atomic orbit. Then it cascades down to a lower orbit and finally is
absorbed by the nucleus. One of the nucleons changes to the Λ-hyperon and the created
pion escapes away. The first observation of this reaction took place in CERN in 1973 [5]
and most recent experimental data come form KEK [19], FINUDA [8] and BNL [20].
The (K−, π−) was measured in KEK in the 80s and is measured in FINUDA nowadays.
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Only the production preserving nuclear charge (e.g. 12C → 12Λ C) is accessible in this
kind of measurement. In BNL, the (K−, π0) reaction was measured via the detection
of photons produced in the decay of the outgoing neutral pion. This method makes it
possible to study processes with change of the nuclear charge (e.g. 12C → 12Λ B). Several
theoretical attempts to describe the (K−stopped, π) hypernuclear productions have been
made [18, 21, 22], but none of them led to satisfactory predictions. The calculated
capture rates were at least three times smaller then the experimental values.
In this work, we focus on target nuclei 12C and 16O and consider all possible produced
Λ-hypernuclei: 12Λ C,
12
Λ B,
16
Λ O,
16
Λ N. The terminology used in hypernuclear physics is as
follows: The hypernucleus 12Λ C consists of 12 baryons and one of them is the Λ hyperon.
Its atomic number is 6, as denoted by the label C (in general, the atomic number
is equal to the charge of the system, not necessarily to the number of protons). The
hypernucleus 12Λ C thus contains six protons, five neutrons and one Λ hyperon.
We use the distorted wave impulse approximation (DWIA) as a theoretical frame-
work for the description of the hypernuclear production. This approach describes a tar-
get nucleus as a collection of individual particles and assumes that the reaction with the
kaon proceeds on one of those particles. The other particles are regarded as spectators
and contribute only to the environment, in which the interaction takes place. Together
with the interacting baryon, they generate an optical potential, by which the incident
and outgoing particles are distorted. The nuclear medium also affects the elementary
kaon-nucleon process. To summarize, the primary many-body problem (kaon-nucleus)
is replaced by the two-body problem (kaon-nucleon) and the distortions of incident and
outgoing wave functions caused by the relevant optical potential.
We consider several optical potentials (deep as well as shallow) for the distortion of
the kaon in the initial state and also for the distortion of the pion in the final state. We
study and discuss effects related to the different choices of optical potentials.
We describe the elementary kaon-nucleon process within the framework of the mi-
9
croscopic model based on the chiral Lagrangian, whereas previous authors [18, 21, 22]
used elementary branching ratios ambiguously derived from experiments. We consider
both the experimental values as well as the microscopically calculated branching ratios
and compare the results.
Our microscopic model of the elementary process is based on the chiral perturbation
theory of meson-baryon interactions [17, 18, 23, 24, 25, 26]. It is an effective theory
[27, 28] that implements the symmetries of quantum chromodynamics (QCD) in the
low energy region, where the direct use of QCD is problematic due to its nonperturbative
character. The hypernuclear physics is one of the areas, where the predictions of the
chiral perturbation theory can be tested.
The DWIA formalism and the microscopic model for elementary reactions are out-
lined in Chapter 2. In Chapter 3, we present the input wave functions we use. The results
of numerical calculations are presented and discussed in Chapter 4. In Chapter 5, we
summarize our work and present the outlook for the future.
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Chapter 2
Formalism
In this chapter, we outline the basic ideas of the distorted wave impulse approximation
(DWIA) and use this approach to in the study of the hypernuclear production induced
by stopped kaon. The replacement of the many-body problem by the two-body problem,
which is the basic idea standing behind the DWIA, requires the description of the
elementary two-body process. The model of the elementary process is given in the first
section. The DWIA is applied to the hypernuclear production in the second section.
The hypernuclear production in K− stopped reaction can be written as a reaction
K− +A→ π +H. (2.1)
The initial state is a K−-atomic bound state with a nucleus A and the final state is an
outgoing pion with a hypernucleus H. The reaction is illustrated in figure 1.
The reaction of a kaon with a nucleus is a complicated many-body problem, which
cannot be described in all its complexity, therefore we have to look for a simplification.
One may consider the nucleus as a collection of individual particles and assume that
the reaction occurs on one of them, while the other nucleons are regarded as spectators
and contribute to the environment, in which the process takes place.
The many-body problem of the reaction of a kaon with an entire nucleus is thus
replaced by the two-body reaction of the kaon with one nucleon. We call it an elementary
11
Figure 1: A schematic draft of the A(K−stopped, π)H reaction.
or one-baryon process. Since the kaon in the initial state and the pion in the final state
are affected by the interaction with the nucleus, we cannot use the wave functions of free
particles. The effect of the nucleus on the kaon and pion wave functions is described by
an optical potential. We say that the wave functions are distorted. An important factor
is the overlap of the wave functions of kaon and pion and the nuclear to hypernuclear
transition density.
This approach is called the distorted wave impulse approximation (DWIA). For
technical details, we refer the reader to special monographs, e.g. [29, 30].
2.1 Elementary process
Our approach, which is based on the DWIA, requires the knowledge of an elementary
process, the reaction of a kaon with a nucleon
K− +N → π + Y. (2.2)
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Though one can get the necessary information from experiment, we decided to use a
microscopic model.
The starting point of our model is the chiral perturbation theory and its Lagrangian
density. We do not intend to develop the formalism of renormalized quantum field theory
and sum contributions of all loop Feynman diagrams, therefore we use the approach of
effective potentials, which is more useful for our purposes. They can be used in a the
Lippmann-Schwinger equation (known from the quantum scattering theory) to obtain
t-matrix elements, which already contain the essential information about the pertinent
process. Since the elementary process takes place in the nuclear medium, the situation
is different from that in the vacuum. We consider the effect of Pauli blocking in the
intermediate states as a first step to a more complex description of the in-medium
reaction.
2.1.1 Chiral Lagrangian density
The reaction of a kaon with a nucleon belongs to a more general set of meson-baryon
reactions. Following references [23, 24], we describe meson-baryon interactions in the
formalism of the quantum field theory by the chiral Lagrangian density. The leading
order term is given by
L(1) = Tr (ΨB (iγµDµ −M0))+ F Tr (ΨBγµγ5 [Aµ,ΨB])
+ DTr
(
ΨBγµγ5 {Aµ,ΨB}
)
. (2.3)
The covariant derivative is defined as
DµΨB = ∂
µΨB + [Γ
µ,ΨB] , (2.4)
where
Γµ =
1
8f 20
[φ, ∂µφ] +O(φ4). (2.5)
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Here f0 is the pseudoscalar meson decay constant, M0 is the baryon mass in the chiral
limit, and D and F are the vector and axial vector coupling constants. The matrix ΨB
stands for the octet of baryon Dirac fields
B =

Λ√
6
+ Σ
0√
2
Σ+ p
Σ− Λ√
6
− Σ0√
2
n
Ξ− Ξ0 − 2√
6
Λ
 , (2.6)
and φ for the octet of pseudoscalar meson fields
φ =

η8√
6
+ pi
0√
2
π+ K+
π− η8√
6
− pi0√
2
K0
K− K0 − 2√
6
η8
 . (2.7)
2.1.2 Potential model
We intend to establish the formalism of effective potentials and not to work in a frame-
work of quantum field theory. The connection between the two formalisms is achieved
by the requirement of equal s-wave scattering lengths calculated up to order q2. The
second order chiral Lagrangian density L(2) contributes to the order q2 too, but we do
not specify it here. We refer the reader to [23, 25] for the details.
We take the potentials in the separable form [23]
Vij(ki, kj) =
Cij
4π2f 20
√
MiMj
sωiωj
α2i
α2i + k
2
i
α2j
α2j + k
2
j
. (2.8)
The advantage of the separable form of the potential is that many calculations can be
performed analytically. Coefficients Cij are determined directly by the chiral Lagrangian
structure, ωl (l = i, j) is the reduced energy in the lth channel, s is the total c.m. energy,
Ml is the baryon mass, kl is the c.m. momentum, and αl is the inverse range parameter
for channel l.
The Lippmann-Schwinger equation for coupled channels reads
tij(ki, kj) = Vij(ki, kj) +
N∑
n=1
ωn
2π
∫
d3l
Vin(ki, l)tnj(l, kj)
k2n − l2 + iǫ
, (2.9)
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where N is the number of considered channels.
Coupled channels considered in one specific calculation are determined by laws of
conservation of charge, strangeness and baryon number [24]. For example, if we look
for an amplitude of an elementary reaction of the meson K− with the proton (Q = 0,
S = 1, B = 1), the channels one has to consider in the LS equation are: π0Λ, π0Σ0,
π−Σ+, π+Σ−, K−p, K¯0n, ηΛ, ηΣ0, K0Ξ0, K+Ξ−. The amplitude for the reaction of
the kaon with the neutron, which is also needed, can be obtained either by a different
choice of coupled channels or by using the assumption of isospin symmetry.
2.1.3 Pauli blocking
The elementary process takes place in the nuclear medium. A medium effect, which
can be easily taken into account, is the Pauli exclusion principle in the intermediate
states [17].
If we denote the momentum of a target nucleon in the laboratory frame p, the
relative K−N momentum in the intermediate state (the integration variable in LS
equation) l and in the initial state kj. The momentum of the nucleon in the intermediate
state in the laboratory frame is p′ = p + kj − l. The Pauli principle requires that the
momentum p′ must be greater than the Fermi momentum. This restriction changes the
domain of integration in the Lippmann-Schwinger equation (2.9) to Ωn
Ωn(pF ) = {l ; |p+ kj − l| ≥ pF} .
The Pauli exclusion principle relates only to systems of identical fermions, therefore the
change of integration domain is applied only to the channels with protons or neutrons,
while the integration domain in other channels is not altered.
The separable form of potentials allows us to write them as
Vij = vijgi(ki)gj(kj),
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where vij is practically independent of momenta and gl(kl) is the Yamaguchi form factor
gl(kl) =
α2l
α2l + k
2
l
.
The t-matrix has the same form
tij(ki, kj) = t
0
ijgi(ki)gj(kj). (2.10)
If we put these expressions in the Lippmann-Schwinger equation (2.9), we obtain the
result for t0ij in a purely algebraic form,
t0ij = vij +
∑
n
vin In tin, (2.11)
where the relevant integral is
In =
ωn
2π
∫
Ωn(pF )
d3l
1
k2n − l2 + iǫ
α2n
α2n + l
2
. (2.12)
This integral can be solved analytically (κ = |kj + p|)
In(κ, kn, pF ) = ωn
(
α2n
α2n + k
2
n
)2 [
k2n − α2n
2αn
(
arccot
pF − κ
αn
+ arccot
pF + κ
αn
)
− 1
4κ
(
p2F − κ2 − k2n
)
ln
α2n + (pF + κ)
2
α2n + (pF − κ)2
− 1
4κ
(
(kn + κ)
2 − p2F
)
ln
|pF + kn + κ|
|pF − kn − κ|
− 1
4κ
(
(kn − κ)2 − p2F
)
ln
|pF − kn + κ|
|pF + kn − κ|
]
. (2.13)
The evaluation of the integral is given in Appendix A. It is obvious, that the integral
for the intermediate channel without a nucleon is obtained by setting pF = 0. The
limit pF = 0 and p = 0 corresponds to the free space t-matrix. The solution of the
equation (2.11) together with the ansatz (2.10) gives us required t-matrix elements.
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2.2 Hypernuclear production
We follow ref. [21] and assume the T-matrix for the reaction of a kaon with a nucleus
in the form
Tif (qf ) = tif (qf )
∫
d3r χ∗qf (r) ρif (r) ΨNLM(r) . (2.14)
Here, tif (qf ) denotes the t-matrix element for the elementary process, ΨNLM(r) is
the K− wave function distorted by a K−-nucleus optical potential, χ∗qf (r) is the wave
function of the outgoing pion distorted by a pion-nucleus optical potential, qf is the
momentum of the outgoing pion. The nucleus to hypernucleus transition density matrix
reads
ρif =
〈
H
∣∣∣∣∣∑
αβ
ψY ∗β (r)ψ
N
α (r)a
+
Y (β)aN(α)
∣∣∣∣∣A
〉
,
where α, β run over all single particle states of nucleons in the nucleus (α) and hyperons
in the hypernucleus (β), respectively.
The capture rate for reaction (2.1) is given by
Γif = 2π
∫
δ(Epi + EH − EK− − EA)
〈|Tif (qf )|2〉 d3qf
(2π)3
=
1
(2π)2
qfωf
∫
< |Tif (qf )|2 > dΩqf , (2.15)
where we use spherical coordinates and the delta-function to integrate over the magni-
tude of qf . The brackets < · · · > are used to denote that the square of the T-matrix
is averaged over initial states and summed over all final states. The reduced energy in
the final state is denoted by ωf and reads
ωf
−1 = Epi
−1 + EH
−1.
Before we proceed, we focus on the kinematics of the elementary process. The situ-
ation is complicated by the fact, that the elementary process takes place in the nuclear
medium. The capture rate for the elementary process γ(K−N → πY ) is connected with
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the t-matrix element, which enters eq. (2.14) by the relation
γ(K−N → πY ) = qfωf
π
| tif (qf ) |2, (2.16)
where the bar indicates that the quantities are considered in the nuclear medium.
Because we don’t know the particular nucleon, on which the reaction takes place, the
quantities are averaged due to the Fermi motion of nucleons within the nuclear medium.
Applying relations (2.14) and (2.16) in the formula for the capture rate (2.15) yields
Γif =
qfωf
qfωf
γ(K−N → πΛ)
∫ 〈∣∣∣∣∫ d3r χ(−)qf ∗(r) ρif (r) ΨNLM(r)∣∣∣∣2
〉
dΩqf
4π
. (2.17)
An important quantity is the capture rate per one stopped kaon Rif which is simply
the ratio between the capture rate of one process Γif and the sum of rates to all possible
final states Γ =
∑
f Γif (= total capture rate):
Rif =
Γif
Γ
. (2.18)
The summation over all hypernuclear states can be obtained by applying the relation
of closure
1
2Ji + 1
∑
Mi
∑
f
ρ∗if (r
′)ρif (r) = ρNδ(r
′ − r), (2.19)
where ρN is the density of nucleons of the type N normalized to their number. Conse-
quently,
Γ = γ(K−N → all)
∫
d3r ρN(r) ρK−(r) ρpi(r), (2.20)
where
ρK−(r) =
1
2L+ 1
∑
M
|ΨNLM(r)|2 , ρpi(r) =
∫
|χqf (r)|2
dΩqf
4π
.
Gal and Klieb [21] neglected the influence of the distortion of outgoing pion and replaced
its wave function in formula (2.20) by a simple plane wave (ρpi = 1). If we introduce the
effective nucleon density available to the capture process ρ˜N , the approximation can be
written as
ρ˜N =
∫
d3r ρN(r) ρK−(r) ρpi(r) ≈
∫
d3r ρN(r) ρK−(r). (2.21)
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As we will demonstrate in Chapter 4, this simplification is not fully justified. The quan-
tity ρ˜N provides the normalization of the overlap of the pertinent wave functions (2.14).
The final formula for the capture rate per one stopped kaon can be written as a
product of three terms
Rif =
qfωf
qfωf
·R(K−N → πY ) ·Rif/Y. (2.22)
The first term in (2.22) is the kinematic factor. This factor appears due to the fact that
the process takes place in the nuclear medium and the momentum of a nucleon is not
equal to the momentum of the whole nucleus.
The second term in (2.22) is the branching ratio for the elementary process
R(K−N → πY ) = γ(K
−N → πY )ρ˜N
γ(K−p→ all)ρ˜p + γ(K−n→ all)ρ˜n . (2.23)
The last term, which we call the capture rate per hyperon, is
Rif/Y =
∫ 〈∣∣∣∫ d3r χ(−)qf ∗(r) ρif (r) ΨNLM(r)∣∣∣2〉 dΩqf4pi
ρ˜N
. (2.24)
We focus on the capture rate per hyperon (2.24) and the elementary branching ratio
(2.23) in the following two subsections.
2.2.1 Capture rate per hyperon
Now, we try to simplify the capture rate per hyperon (2.24) analytically. It is useful
to work in spherical coordinates and use the partial wave expansion. The K− wave
function is
ΨNLM(r) = RNL(r) YLM(Ωr). (2.25)
The outgoing pion wave function can be written in the partial wave expansion as
χ(−)qf
∗
=
∑
l
i−l (2l + 1)j˜l(r)Pl(qˆ.ˆr). (2.26)
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The nucleon (and hyperon) wave function can be written as
ψnljm(r) =
unlj(r)
r
[
Yl(rˆ)⊗ χ1/2
]j
m
. (2.27)
The effective nuclear density standing in the denominator of (2.24) becomes
ρ˜N =
∫
dr ρN(r) |RNL(r)|2
∑
l
(2l + 1)|˜jl(r)|2. (2.28)
The integral in the numerator of (2.24), let us denote it I, is more complicated.
Its complete evaluation is detailed in Appendix B. Here, we present only the most
important partial results and further assumptions and approximations. The integral
can be directly transferred to the form
I =
1
2Ji + 1
∑
kl
(l0 k0|L0)2
∣∣∣∣∣ ∑
nY jY lY
∑
nN jN lN
I lγY γN (−1)(jN+lN+1/2)
√
(2jY + 1)(2jN + 1)(2lN + 1)(lN0k0|lY 0)
 jN jY klY lN 1/2

< H‖(a+nY lY jY ⊗ a˜nN lN jN )k‖A >
∣∣∣∣∣
2
, (2.29)
where I lγY γN is the integral over radius r
I lγY γN =
∫ ∞
0
dr u∗nY jY lY (r)unN jN lN (r) j˜l(r)RNL(r). (2.30)
We assume that the capture occurs from one particular nucleon shell nN lN to one
particular hyperon shell nY lY . Now, we can sum over all possible final states. After
further manipulations (see Appendix B), we obtain
InN lN→nY lY =
∑
k,jY ,jN
(2k+1)(2lN +1)(2jY +1)
 jN jY klY lN 1/2

2
N (k)γY γNN(jN), (2.31)
where
N (k)γY γN =
∑
l
(L0 k0|l0)2|I lγY γN |2,
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and N(jN) is the number of nucleons in the shell jN .
We assume that the integral I lγY γN depends only weakly on the jY or jN quantum
numbers. We can then neglect this dependence and perform the last summation over jY
considering the capture in the particular shell jN .
The final result for the capture rate per one hyperon then becomes
RnN lN→nY lY /Y =
N(jN)
∑
k(2k + 1)(lN0k0|lY 0)N (k)γY γN∫
dr ρN(r) |RNL(r)|2
∑
l
(2l + 1)|˜jl(r)|2
. (2.32)
The letter k is not a mere summation index but also represents the multipolarity of the
process. Its value equals to the value of the transferred orbital momentum. The value
of k is usually used for classification of nuclear processes.
2.2.2 Elementary branching ratio
Here, we focus on the elementary branching ratio (2.23), which is the second term in
the formula for the capture rate per one stopped kaon (2.22). The branching ratios
(2.23) for the elementary processes n(K−, π−)Λ and p(K−, π0)Λ were obtained using
the chirally motivated effective separable potentials (presented in section 2.1).
The low energy constants (parameters) of the model are taken from the Cieply and
Smejkal [26] (to be specific from the parameter set corresponding to σpiN = 40 MeV).
They were fitted to a wide range of experimental data on K−p reactions.
When the required branching ratios R(K−N → πΛ) are calculated in the nuclear
medium the model gives a decreasing function of the nucleon density, as demonstrated
in figure 2.
We assume that the reaction takes place at a proton (or neutron) density ρ = ρ0/2
(ρ0 = 0.17 fm
−3). Although the central density in different nuclei varies (from 0.14 up
to 0.22 fm−3), the branching ratios do not change much in this region. Therefore, we can
neglect this dependence. For future purposes, we denote the branching ratios obtained
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Figure 2: The dependance of branching ratios on the nucleon density.
at the nucleon density ρ = ρ0/2 by I and the branching ratios obtained when the effect
of nuclear medium is neglected by II.
The use of a microscopic model for the elementary branching ratios is one of the
novelties of our work. The previous authors used branching ratios derived from exper-
iment [21, 31]. However, the values were not measured directly, but were extrapolated
from the measurements done on carbon and freon. We find this approach quite am-
biguous and prone to systematic errors, due to not so well known factors. Therefore,
we feel that the elementary branching ratios obtained this way do not describe the
elementary process accurately. We denote them by III for comparison with branching
ratios obtained by our microscopic model.
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The pertinent elementary branching ratios are shown in Table 1.
Table 1: Elementary branching ratios (in units 10−2).
I II III
branching ratio ρ = ρ0/2 ρ = 0
12C 16O
R(K−n→ π−Λ) 6.39 9.65 8.7 7.7
R(K−p→ π0Λ) 3.20 4.80 4.4 3.9
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Chapter 3
Input wave functions
To perform the numerical calculation of two integrals, I lγY γN (2.30) and ρ˜N (2.28), which
are essential to obtain the capture rate of the process, we need the wave functions of
the kaon, nucleon, hyperon and the outgoing pion. The wave functions of bound states
(nucleon, hyperon, kaon) were obtained numerically using the Numerov method. The
code for computing the wave functions of bound states was written by the author. We
use a standard computer code written for pion scattering [32] to get the pion wave
functions.
3.1 Nucleon and hyperon wave functions
The wave functions of nucleons and hyperons were computed numerically as bound
states in a Wood-Saxon potential
V (r) = − V0
1 + exp (r −R)/a , R = r0A
1/3 . (3.1)
The geometry was fixed by setting a = 0.6 fm and r0 = 1.25 fm. The potential depth V0
was adjusted separately for each baryon state so that the corresponding binding energy
was reproduced. The values of the binding energies are shown in Table 2 [2, 21].
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Table 2: Baryon binding energies in MeV.
nucleon orbit p n Λ
A = 12
1s1/2 34.1 37.3 10.8
1p3/2 16.0 18.9 0.3
A = 16
1s1/2 32.0 35.3 12.4
1p3/2 18.3 21.8 3.1
1p1/2 12.1 15.7 1.5
We tested the sensitivity of our results to the baryon wave functions. For this purpose
we calculated the capture rate for the production of 12Λ C in both 1SΛ and 1PΛ. To test
the sensitivity to the geometry of the potential, we used the number A = 11 instead
of A = 12 in the expression for the Wood-Saxon potential. The difference appeared to
be less than 10%. To test the sensitivity to the depth of the potential, we calculated
baryon wave functions for binding energy about 10% higher and smaller. The difference
appeared to be less than 5%. Since the sensitivity to the baryon wave functions is quite
small and its testing is not the purpose of this work, we will not focus on it any more.
3.2 K−-atomic wave function
We use the Klein-Gordon equation with a potential that consists of two parts, the
Coulomb potential with finite size effects and the optical potential describing strong
interaction, which was taken from [33]:
V Kopt(r) = −
4π
2µ
(
1 +
µ
MN
)[
b+B
(
ρ(r)
ρ(0)
)ν ]
ρ(r). (3.2)
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Here µ is the kaon reduced mass,MN is the nucleon mass and ρ(r) is the nuclear density
normalized to the number of nucleons A. We use three different parameter sets for the
kaon-nucleus optical potential, which are specified in Table 3. Moreover, we consider
also a pure Coulomb potential ([coul]) for comparison. We denote the different optical
potentials and corresponding wave functions by abbreviations in square brackets.
Table 3: Parameters of the kaonic optical potential.
set b [fm] B [fm] ν
[eff] 0.63 + 0.89i 0 0
[DD] −0.15 + 0.62i 1.65− 0.06i 0.23
[chir] 0.69 + 2.02i 0 0
The meson-nuclear optical potential is usually expressed as the scattering length
multiplied by the nuclear density. Thus, the parameter b for potential [chir] is the
average of the K−n and K−p scattering lengths in the nuclear medium computed using
the chiral model presented in sections 2.1 and 2.2.2. The values of the parameter sets
[eff] and [DD] were fitted to reproduce a large set of kaonic atom data by Friedman
et al [33]. In order to be consistent, we use the same parametrization of the nuclear
density as the authors of ref. [33]. They described the nuclear density using a modified
harmonic oscillator model [34]:
ρ(r) = ρ0
(
1 + α
r2
R2
)
e−
r2
R2 .
The parameters α and R for the relevant nuclei are listed in Table 4.
For B = 0, the potential reduces to the standard ”effective” ([eff]) parametrization of
the optical potential. The solution [DD] exhibits another explicit density dependence,
because of nonzero parameters B and ν. If we consider the central nuclear density
ρ0 = 0.17 fm
−3, the depth of the potential (its real part) equals to 83 MeV for
potential [eff], 193 MeV for [DD] and 91 MeV for [chir].
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Table 4: Parameters of the nuclear density.
nuclei α R [fm]
12C 2.234 1.516
16O 3.027 1.629
The real and imaginary parts of wave functions for the 2P K−-atomic states in 12C
are shown in figures 3 and 4 to illustrate the difference between various parameter sets.
3.3 Pion wave function
The pionic optical potential is taken to be of the standard form [35], usually used in
the analysis of pionic atoms and pion-nuclear scattering:
−2µpi
4π
V piopt =
(
1 +
mpi
M
)
b0ρ(r) +
(
1 +
mpi
2M
)
B0ρ
2(r)−∇ α(r)
1 + 4pi
3
ξα(r)
∇ (3.3)
α(r) =
(
1 +
mpi
M
)−1
c0ρ(r) +
(
1 +
mpi
2M
)−1
C0ρ
2(r).
We perform our calculations with a free pion (plane wave) and with two different
parameter sets for the pion-nuclear optical potential [36, 37]. We denote the different
parameter sets and corresponding wave functions by letters in round brackets. The
parameters are in Table 5.
Table 5: Parameters of the pionic optical potential.
set b0 [m
−1
pi ] B0 [m
−4
pi ] c0 [m
−3
pi ] C0 [m
−6
pi ] ξ
(b) 0.268 + 0i 0 0.036 + 0.206i 0− 0.203i 1.4
(c) 0.010 + 0.437i 0 0.047 + 0.222i 0 0
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Figure 3: Real part of the K− wave function in the 2P state in 12C.
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Figure 4: Imaginary part of K− wave function in the 2P state in 12C.
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Chapter 4
Results and discussion
In this chapter, we present the results of numerical calculations of the capture rate per
stopped kaon and discuss their sensitivity to different input wave functions (i.e. different
kaon-nucleus, resp. pion-nucleus optical potentials), to different branching ratios for
elementary process (taken from microscopic model or derived from experiments), to the
neglect of the pion distortion in the effective nucleon density available to the process,
and to other possible effects.
The capture rate per stopped kaon Rfi, the quantity we are interested in, is given
by formula (2.22). It consists of three terms, the kinematic factor, the branching ratio
for the elementary process and the capture rate per hyperon.
The detailed description of input branching ratios and wave functions is in the
previous chapters. We take the value 1.4 [21] for the kinematic factor qfωf/qfωf . We
consider three different values of branching ratios for the elementary processes. The
first one is derived within the microscopic model and includes the effect of the nuclear
medium (I), the second one is derived from the microscopic model in the vacuum (II)
and the third one is derived from the experiment (III).
The capture rate per hyperon (2.24) contains two integrals of wave functions, one
in the numerator (2.30) and one in the denominator (2.28), which have to be computed
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numerically. We also compare the results using the effective nuclear density ρ˜N with
and without the effect of pion distortion (2.21, 2.28).
We calculated the processes of the hypernuclear production from nuclei 12C and 16O
and considered only the formation of Λ-hypernuclei (12Λ C,
12
Λ B,
16
Λ O,
16
Λ N). We took into
account two baryon transitions 1PN → 1SΛ and 1PN → 1PΛ, where the hyperon is
created in the 1S and 1P state, respectively. Both processes take place on a nucleon in
the 1P state, which is the valence orbit, and we believe that the reaction takes place
just on the valence nucleon. There is only one possible value of the multipolarity k of
the process in the first case, k = 1, and there are two possible values of k in the second
case, k = 0 and k = 2.
We assume two K− atomic orbits, 2P and 3D, and perform the calculations sepa-
rately for each orbit. Finally, we average over the states due to the estimated population
of the orbits [38]. The relative population of orbits is in Table 6.
Table 6: Relative population of K−-atomic orbits.
12C 16O
2P 0.23 0.18
3D 0.77 0.82
Before we proceed to comparison of our results with experiment and previous the-
oretical works, we show the sensitivity of the presented model to some effects.
First, we discuss the sensitivity to the choice of branching ratios for the elementary
process. In figure 5, we present the capture rate for the production of 12Λ C in the 1SΛ
state for the K−-nucleus potential [eff] and pion-nucleus potential (c). We recall that
the branching ratios I and II come from our microscopic model and III are derived
from experiment.
We can see that all the calculated values are quite close to each other but significantly
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Figure 5: The sensitivity of the capture rate to elementary branching ratios.
below the experimental data. The value where we use the branching ratios from the
microscopic model without considering the effect of the nuclear medium (II) is highest,
and the value where we use the branching ratio from microscopic model and considered
the effect of nuclear medium (I) is smallest. The value where we used branching ratio
derived from experiment (III) lies between. We prefer the theoretical approach (dis-
cussed in Chapter 2), and we believe that the most accurate description is provided by
the branching ratio I. Because the difference between the results corresponding to var-
ious elementary branching ratios (50% at most) is smaller than the difference between
the calculated capture rates and the experimental value (100% at least), we expect that
there are other effects (kaon-nucleus potential, pion-nucleus potential, effective nuclear
density), which influence the numerical results more. Consequently, all further results
correspond to the elementary branching ratios I.
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Next, we discuss the sensitivity of the results to the effective nucleon density (2.21,
2.28), which stands in the denominator of the capture rate per hyperon (2.32). We
consider {C} or neglect {N} the effect of pion distortion. In figure 6, we demonstrate
the effect for the [DD]K−-nucleus potential for both (b) and (c) pion-nucleus potentials.
The calculated capture rate is the one for the production of 12Λ B in the 1SΛ state
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Figure 6: The sensitivity of the capture rate to the effective nucleon density.
The proper treatment of the pion distortion in the effective nucleon density leads to
a substantial effect on the capture rate. The results for the pion-nucleus potentials (b)
and (c) are about three times and even five times higher, respectively, if we consider the
pion distortion in the expression for the effective nucleon density (2.21). As a result, the
computed values for the capture rate get much closer to the experimental value. The
authors of previous papers [18, 21, 22] neglected this effect, but our results indicate that
this assumption is not justified. Thus, all the following results are calculated including
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the pion distortion in the effective nucleon density.
Next, we demonstrate the sensitivity to the K− wave functions. In the figure 7, we
show the capture rate for the creation of 12Λ C with the hyperon in 1PΛ state (figures for
other processes look similar). The pion wave function (b) is used in this figure.
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Figure 7: The sensitivity of the capture rate to the K− wave function.
We can see that the capture rate is highest, and thus closest to the experimental
value, for the kaon-nucleus potential [coul], where the strong interaction is completely
neglected. The values for potentials [eff] and [chir] are about one half of the value for
[coul] and the value for [DD]K−-nucleus potential is the smallest. Since the [DD] optical
potential is about twice as deep as potentials [eff] and [chir], which are of the comparable
depth, and the [coul] potential contains no strong interaction part at all, we can conclude
that the capture rate is a decreasing function of the kaon-nucleus potential depth. The
[coul] potential does not describe theK−-nucleus interaction properly, therefore the fact
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that the result for the [coul] potential is so close to the experimental value indicates that
there are other effects we did not consider in our calculations. If we focus on the other
K−-nucleus potentials, where the agreement with experiment is not so satisfactory. Our
best result is about 50% smaller than the experimental value.
Figure 8 shows the dependence of the capture rate on a choice of the pion-nucleus
potential for the creation of 16Λ O in the 1PΛ state. The K
− wave function corresponding
to the potential [eff] is considered in this figure.
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Figure 8: The sensitivity of the capture rate to the pion wave function.
We see that pion distortion plays an important role. The difference between the
results of calculations with and without pion distortion is significant. On the other
hand, the difference between the results for two different (but non-zero) pion-nucleus
optical potentials is much smaller. The result for the potential (c) is a little higher than
the result for the potential (b). The experimental value lies between values computed
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with the free and with the distorted pion.
The results of all processes we calculated are summarized in Tables 7-10. The ex-
perimental data for the production of 12Λ C [8],
12
Λ B [20], and
16
Λ O [19] are shown for
comparison. The measurement of 16Λ N has not been performed yet, so our results for
this process are pure predictions.
Before we make the comparison of our results with experimental data and previous
theoretical predictions, we determine the best combination of potentials involved in our
calculations. To obtain the combination of potentials, which is in the best agreement
with experimental data, we calculate the standard weighted least square test (χ2 test)
χ2 =
∑
i
(Xi −Xexpi )2
σ2i
. (4.1)
We take into account six processes, for which we have direct experimental data (the
production of 12Λ C in the 1SΛ and 1PΛ state, the production of
12
Λ B in the 1SΛ and 1PΛ
state, the production of 16Λ O in the 1SΛ and 1PΛ state) and four ratios between capture
rates (the ratio between the 1P and 1S production for 12Λ C, the ratio between the 1PΛ
and 1SΛ production for
16
Λ O, the ratio between the production of
12
Λ C and
16
Λ O in the 1SΛ
state and the ratio between production of 12Λ C and
16
Λ O in the 1PΛ state). The results
of this procedure are summarized in Table 11.
The best agreement with the experiment is clearly for the combination of the [coul]
potential for the K−-nuclear interaction and the (b) potential for pion-nuclear interac-
tion. If we consider only the combinations with the strong interaction included, then the
combination of potentials [eff] and (c) is the best one. Below, we compare the results for
this combination of potentials with experiment and previous theoretical calculations.
Table 11 clearly demonstrates that the kaon-nucleus potentials [DD] and [chir] yield
much worse agreement with the experimental data than the K−-nucleus potential [eff].
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Table 7: Total capture rates for the production of 12Λ C (in units 10
−3).
[coul] [coul] [coul] [eff] [eff] [eff] [DD] [DD] [DD] [chir] [chir] [chir]
transition (free) (b) (c) (free) (b) (c) (free) (b) (c) (free) (b) (c) exp
1PΛ(3/2)→ 1SΛ(1/2) 1.43 0.79 0.79 1.42 0.34 0.36 1.52 0.22 0.15 0.92 0.20 0.23 1.01 ± 0.21
1PΛ(3/2)→ 1PΛ(3/2) 3.69 2.42 3.02 3.30 1.82 1.71 2.21 0.73 1.11 2.96 1.19 1.52 2.59 ± 0.19
Table 8: Total capture rates for the production of 12Λ B (in units 10
−3).
[coul] [coul] [coul] [eff] [eff] [eff] [DD] [DD] [DD] [chir] [chir] [chir]
transition (free) (b) (c) (free) (b) (c) (free) (b) (c) (free) (b) (c) exp
1PΛ(3/2)→ 1SΛ(1/2) 0.69 0.38 0.39 0.69 0.16 0.18 0.75 0.10 0.08 0.46 0.10 0.12 0.56 ± 0.16
1PΛ(3/2)→ 1PΛ(3/2) 1.81 1.29 1.57 1.65 0.62 0.90 0.96 0.35 0.60 1.51 0.67 0.81 0.70 ± 0.18
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Table 9: Total capture rates for the production of 16Λ O (in units 10
−3).
[coul] [coul] [coul] [eff] [eff] [eff] [DD] [DD] [DD] [chir] [chir] [chir]
transition (free) (b) (c) (free) (b) (c) (free) (b) (c) (free) (b) (c) exp
1PΛ(1/2)→ 1SΛ(1/2) 0.35 0.15 0.15 0.37 0.05 0.05 0.42 0.03 0.02 0.20 0.02 0.03 0.13 ± 0.04
1PΛ(1/2)→ 1PΛ(3/2) 1.41 0.71 0.80 1.26 0.30 0.37 0.89 0.19 0.24 0.89 0.23 0.28 0.56 ± 0.08
Table 10: Total capture rates for the production of 16Λ N (in units 10
−3).
[coul] [coul] [coul] [eff] [eff] [eff] [DD] [DD] [DD] [chir] [chir] [chir]
transition (free) (b) (c) (free) (b) (c) (free) (b) (c) (free) (b) (c)
1PΛ(1/2)→ 1SΛ(1/2) 0.17 0.07 0.07 0.18 0.03 0.03 0.21 0.02 0.01 0.09 0.01 0.01
1PΛ(1/2)→ 1PΛ(3/2) 0.65 0.37 0.44 0.61 0.15 0.18 0.43 0.09 0.12 0.46 0.13 0.16
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Table 11: The χ2 test for all sets of potentials.
potentials χ2 potentials χ2 potentials χ2 potentials χ2
[coul](free) 229.0 [eff](free) 168.0 [DD](free) 99.6 [chir](free) 50.1
[coul](b) 21.7 [eff](b) 84.6 [DD](b) 154.5 [chir](b) 167.6
[coul](c) 47.2 [eff](c) 65.9 [DD](c) 212.3 [chir](c) 138.8
The comparison of our calculations with experimental data [8, 19, 20] and previous
theoretical works is shown in figures 9-13. We present both the production capture
rates and the ratios between the capture rates. The theoretical predictions of Gal and
Klieb [21] are denoted by GL. The theoretical predictions of Matsuyama and Yazaki [22]
are denoted by MY, and the predictions of Cieply et al [18] are denoted by CFGM.
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Figure 9: The production of 12Λ B in the 1PΛ state.
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Figure 10: The production of 12Λ C in the 1SΛ (top) state
and in the 1PΛ state (bottom).
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Figure 11: The production of 16Λ O in the 1SΛ (top) state
and in the 1PΛ state (bottom).
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Figure 12: The ratio between the capture rates to 1PΛ and 1SΛ states
for the production of 12Λ C.
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Figure 13: The ratio between the capture rates for the production of 12Λ C and
16
Λ O
to the 1PΛ state.
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We see that our results are in better agreement with experimental data than results
of previous authors. To be more quantitative we calculate the χ2 test (4.1) for the
available results. In the test, we include only those processes that are calculated by the
authors of the previous papers. The comparison of our results with previous calculations
is in the Table 12.
Table 12: The χ2 test.
GK MY CFGM
χ2 previous 110.6 204.4 13.8
χ2 present 52.0 55.8 9.6
Although our results are better than the results of other authors, the agreement
with experimental data is still unsatisfactory. Therefore, we have to look for some other
effects that could explain the discrepancy:
First, the wide range of the calculated capture rates for different pion wave functions
indicates huge sensitivity to the pion optical potential. The optical potentials consid-
ered in this work were developed for interaction of pions with ordinary nuclei. The
interaction of the pion with hypernuclei could be different, but specific models of the
pion-hypernucleus and pion-hyperon interaction as well as experimental data for such
processes are not available yet. Including the effects of the pion-hyperon interaction
could modify the wave function of the outgoing pion. In addition, the momentum of
outgoing pion in the K−stopped reactions is about 260-280 MeV. In this energy region,
the ∆(1232) resonance might play an important role. However, its effect has not been
considered at all.
Second, the structure of a hypernucleus was not considered at all. The hyperon
wave function in a hypernucleus was computed using the Wood-Saxon potential with
the same range parameters as those that were used for the nucleon wave function in a
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standard nucleus, although the structure of a hypernucleus could be different.
Third, the K−-nuclear wave function of deeply bound state could be used, instead
of K−-atomic wave functions. Using atomic wave functions (kaon) on one hand and
nuclear wave function (nucleon, hyperon) on the other may look illogically. Since we
have no information about experimental evidence of transition from atomic to nuclear
states, we do not take K−-nuclear states into account.
Finally, the method of considering the effect of the nuclear medium on the elemen-
tary branching ratios is rather simple in our model. The development of more sophis-
ticated methods (e.g. considering the kaon self-energy) could change the value of the
elementary branching ratios.
The possibilities mentioned above are either too complicated to be considered here
or not yet well known, therefore they have not been included in our calculations. Their
inclusion in the calculations of hypernuclear production is the goal for future studies.
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Chapter 5
Conclusions
We performed calculations of the Λ-hypernuclear production within the framework of
the distorted wave impulse approximation. The original formula for the capture rate
containing a 3-dimensional integral was simplified using spherical coordinates, the par-
tial wave expansion and relations for Clebsch-Gordan coefficients and spherical har-
monics, to the form containing only one-dimensional integral of four wave functions.
We considered four different K−-nucleus potentials and three different pion-nucleus
potentials and we found that the calculations are very sensitive to the choice of the
potentials. For the considered kaon-nucleus potentials, the results for the capture rates
differ up to 200%. Moreover, we conclude that the capture rates are a decreasing func-
tion of the depth of the K−-nucleus optical potential. For different pion-nucleus poten-
tials, the results vary up to 300%. The difference between results with the free pion and
the distorted pion is much larger than the difference between the results of calculations
with pion distortion due to various pion-nucleus potentials.
We used a microscopic chiral model for the description of the elementary process
unlike other authors who used elementary branching ratios derived ambiguously from
experiment. The results for various elementary branching ratios led to the difference in
the calculated capture rate of about 50%. Although the agreement with experimental
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Λ-hypernuclear production rate for the elementary branching ratios derived from the
microscopic model is worse than for the branching ratios derived from experiment,
we prefer the former ones for theoretical reasons. Moreover, other effects influence the
capture rate more than the choice of the elementary branching ratios.
The most significant effect, which was neglected in previous calculations, is the
consideration of the pion distortion in the effective nucleon density available to the
capture process. This quantity appears due to normalization of the capture rate for one
specific process to the total capture rate, e.g. for all possible processes. We demonstrated
that the change in the capture rates is up to 500%. Therefore we are convicted that the
simplification adopted by previous authors is not eligible.
Finally, our results are in better agreement with experimental data than the re-
sults of previous calculations. Unfortunately, our theoretical predictions still differ from
experimental data (χ2 per data point ≈ 7), thus we still cannot be fully satisfied. We as-
sume that there are other effects, which significantly affect the hypernuclear production
capture rate, that have not been considered in our calculations.
The discrepancy between theoretical predictions and experimental data is a chal-
lenge for future studies. In addition, the experiments in FINUDA, KEK or JLab are
still running and thus more experimental data are foreseen. The progress in experiment
can be expected not only in the hypernuclear production induced by stopped kaon
but also in the whole hypernuclear physics and in the field of the meson-baryon and
meson-nucleus interaction at low and medium energies. New experimental data usually
represent a challenge for theoreticians, therefore the progress in theory can be expected
too.
45
Appendices
Appendix A
Here, we present the analytic calculation of the integral In from section 2.1.
In(κ, kn, pF ) =
ωn
2π
∫
Ωn(pF )
d3l
1
k2n − l2 + iǫ
(
α2n
α2n + l
2
)2
, (A.1)
where the integration domain is
Ωn(pF ) = {l ; |p+ kj − l| ≥ pF} .
Let us denote the p+ kj = κ and substitute the integration variable to x = l− κ. The
integration domain then simplifies to
Ωn(pF ) = {x ; |x| ≥ pF} .
We introduce spherical coordinates (r, θ, ϕ), where the z-axis (θ = 0) lies in the direction
of κ. The term l2, which represents the only l dependence in the integral (A.1) is
expressed as
l2 = r2 + κ2 + 2rκ cos θ.
The integration over ϕ yields factor 2π. Denoting cos θ = y, we can rewrite
In = ωnα
4
n
∞∫
pF
dr
1∫
−1
dy
r2
(r2 + α2n + κ
2 + 2rκy)2 (k2n − r2 − κ2 − 2rκy + iǫ)
. (A.2)
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The integration over y is straightforward using the method of the partial fraction
decomposition:
In = ωnα
4
n
∞∫
pF
dr
1∫
−1
dy
(
1
(α2n + k
2
n)
2
)
1
r2 + α2n + κ
2 + 2rκy
+
(
1
(α2n + k
2
n)
2
)
1
k2n − r2 − κ2 − 2rκy
+
(
1
α2n + k
2
n
)
1
(r2 + α2n + κ
2 + 2rκy)2
.
The remaining integral over radius r can be expressed as a sum of three terms
In = ωn
(
α2n
α2n + k
2
n
)2 ∞∫
pF
dr
r
2κ
ln
∣∣∣∣∣α2n + (r + κ)2α2n + (r − κ)2
∣∣∣∣∣ (A.3)
+ωn
(
α2n
α2n + k
2
n
)2 ∞∫
pF
dr
x
2κ
ln
∣∣∣∣∣k2n − (r − κ)2 + iǫk2n − (r + κ)2 + iǫ
∣∣∣∣∣ (A.4)
+ωn
(
α4n
α2n + k
2
n
) ∞∫
pF
dr
2r2
(r2 + α2n + κ
2)2 − 4r2κ2 . (A.5)
The expression in line (A.5) is calculated using the partial fraction decomposition:
(A.5) = ωn
(
α2n
α2n + k
2
n
)
α2n
2κ
∞∫
pF
dr
(
r
(r − κ)2 + α2n
− r
(r + κ)2 + α2n
)
= ωn
(
α2n
α2n + k
2
n
)
α2n
2κ
[
κ
αn
(
arctan
(
r − κ
αn
)
+ arctan
(
r + κ
αn
))
+
1
2
ln
(
α2n + (r − κ)2
α2n + (r + κ)
2
)]∞
pF
.
The expressions in lines (A.4) and (A.3) are calculated using the properties of log-
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arithm, the integration per partes and the partial fraction decomposition:
(A.4) = ωn
(
α2n
α2n + k
2
n
)2 ∞∫
pF
dr
2κ
(
r ln |r − kn − κ| − r ln |r + kn − κ|
−r ln |r − kn + κ| − r ln |r + kn + κ|
)
= ωn
(
α2n
α2n + k
2
n
)2 [
r − αn arctan r − κ
αn
− αn arctan r + κ
αn
+
1
4κ
(
r2 + α2n − κ2
)
ln
α2n + (r + κ)
2
α2n + (r − κ)2
]∞
pF
,
(A.3) = ωn
(
α2n
α2n + k
2
n
)2 [
− r + 1
4κ
(
(kn + κ)
2 − r2) ln |r + kn + κ||r − kn − κ|
+
1
4κ
(
(kn − κ)2 − r2
)
ln
|r − kn + κ|
|r + kn − κ|
]∞
pF
.
The sum of the three partial results leads to the formula for In:
In = ωn
(
α2n
α2n + k
2
n
)2 [
k2n − α2n
2αn
arctan
r − κ
αn
+
k2n − α2n
2αn
arctan
r + κ
αn
+
1
4κ
(
r2 − κ2 − k2n
)
ln
α2n + (r + κ)
2
α2n + (r − κ)2
+
1
4κ
(
(kn + κ)
2 − r2) ln |r + kn + κ||r − kn − κ| + 14κ ((kn − κ)2 − r2) ln |r − kn + κ||r + kn − κ|
]∞
pF
.
The limit at the upper bound of the integral (the infinity) of the function arctan
is π/2. Since arccot(x) = π/2 − arctan(x) we can rewrite the (upper bound − lower
bound) first two terms using the function arccot(x).
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The limit at the infinity of the remaining terms with logarithms equals zero. The
introduction of the upper (the infinity) and lower (pF ) bounds then leads to the final
result:
In(κ, kn, pF ) = ωn
(
α2n
α2n + k
2
n
)2 [
k2n − α2n
2αn
(
arccot
pF − κ
αn
+ arccot
pF + κ
αn
)
− 1
4κ
(
p2F − κ2 − k2n
)
ln
α2n + (pF + κ)
2
α2n + (pF − κ)2
− 1
4κ
(
(kn + κ)
2 − p2F
)
ln
|pF + kn + κ|
|pF − kn − κ|
− 1
4κ
(
(kn − κ)2 − p2F
)
ln
|pF − kn + κ|
|pF + kn − κ|
]
. (A.6)
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Appendix B
In this appendix, we present the evaluation of the integral in the numerator of the
capture rate per hyperon (2.24). Various relations between Clebch-Gordan coefficients,
6j-symbols and spherical harmonics are taken from Varshalovich et. al [39]. The integral
is
I =
∫ 〈∣∣∣∣∫ d3r χ(−)qf ∗(r) ρif (r) ΨNLM(r)∣∣∣∣2
〉
dΩqf
4π
. (B.1)
It is useful to work in spherical coordinates and make use of the partial wave ex-
pansion. The wave functions of the kaon, pion and nucleon (hyperon) can be expressed
(we repeat the notation from Chapter 2):
ΨNLM(r) = RNL(r) YLM(Ωr),
χ(−)qf
∗
=
∑
l
i−l (2l + 1)j˜l(r)Pl(qˆ.ˆr),
ψnljm(r) =
unlj(r)
r
[
Yl(rˆ)⊗ χ1/2
]j
m
=
unlj(r)
r
∑
λ
∑
σ
(lλ 1/2σ|jm)Ylmχ1/2σ.
For the nucleon, it is useful to introduce
ajm = (−1)j−m a˜j−m , ψ∗jm = (−1)j+mψ¯j−m .
The notation < · · · > in (B.1) denotes the sum over final states and the average
over initial states. After substitution, we get
I =
∫
dΩqf
1
2L+ 1
∑
M
1
2Ji + 1
∑
Mi
∑
Mf∣∣∣∣∣
∫
d3rχ(−)∗q (r)ΨNLM
∑
nY lY jY
∑
nN lN jN
∑
k,m
(−1)(k+m)
[
ψ¯nY lY jY ⊗ ψnN lN jN
]k
−m < f |(a+nY lY jY ⊗ a˜nN lN jN )km|i >
∣∣∣∣∣
2
. (B.2)
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The matrix element can be reduced in J using the Wigner-Eckhart theorem:∑
Mi
∑
Mf
| < f |(a+nY lY jY ⊗ a˜nN lN jN )km|i > |2 =
∑
Mi
∑
Mf
|(−1)(Jf+k−Ji) (JiMi km|JfMf )√
2Jf + 1
< f‖Oˆ(k)‖i > |2 =
∑
Mi
∑
Mf
(JiMi Jf −Mf |km)(JiMi Jf −Mf |k′m′)√
(2k + 1)(2k′ + 1)
| < f‖Oˆ(k)‖i > |2 =
δkk′δmm′
2k + 1
| < f |Oˆ(k)‖i > |2.
In the following, we will omit this element for simplicity.
Now, we modify the expression for the nucleon/hyperon wave functions
[
ψ¯nY lY jY ⊗ ψnN lN jN
]k
−m =
∑
mY
∑
mN
(jYmY jNmN |k −m)ψ¯nY lY jYmY ψnN lN jNmN
=
∑
mYmN
∑
λY σY
∑
λNσN
u∗Y uN
r2
(−1)(jY +mY )Y ∗lY λY YlNλNχ+1/2σY χ1/2σN
(jYmY jNmN |k −m)(lY λY 1/2σY |jY −mY )(lNλN 1/2σN |jNmN).
The spin part of the wave functions gives δσY σN .
We use relations for the Clebsch-Gordan coefficients and sum over mY , mN and
σN
1:∑
mYmNσN
(−1)(jY +mY )(jYmY jNmN |k−m)(lY λY 1/2σY |jY −mY )(lNλN 1/2σN |jNmN) =
(−1)(2jY −jN+k+lN−λY −λN+3/2)
√
(2k + 1)(2jY + 1)(2jN + 1)
2lY + 1
(kmlN λN |lY λY )
 jN jY klY lN 1/2
 .
1
∑
αβδ
(bβcγ|aα)(bβeǫ|dδ)(aαfϕ|dδ) = (−1)(b+c+d+f)
√
(2a+ 1)(2d+ 1)2√
2e+ 1
 a b ce f d

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The pion wave function can be written in the partial wave expansion
χ(−)qf
∗
=
∑
l
i−l (2l + 1)j˜l(r)Pl(qˆ.ˆr).
The integration over Ωqf can be done separately, because the pion wave function is the
only one, which depends on qf∫
dΩqf
∑
l
i−l(2l + 1)j˜l(r)Pl(qˆ · rˆ)
∑
l′
il
′
(2l′ + 1)j˜∗l′(r
′)Pl′(qˆ · rˆ′) =∑
l
∑
l′
i−l+l
′
(2l + 1)(2l′ + 1)j˜l(r)j˜
∗
l′(r
′)
4π
2l + 1
Pl(rˆ · rˆ′)δll′ =∑
l
j˜l(r)j˜
∗
l′(r
′)
∑
µ
Y ∗lµ(rˆ)Ylµ(rˆ
′) .
Now, we return to equation (B.2) and put all previous expressions together
I =
(4π)2
(2L+ 1)(2Ji + 1)
∑
M
∑
lµ
∑
km[ ∑
nY jY lY
∑
nN jN lN
∑
λY λN
(−1)(2jY −jN+lN−λY −λN+3/2)√
(2jY + 1)(2jN + 1)
2lY + 1
∫
dr u∗nY jY lY (r)unN jN lN (r) j˜l(r)RNL(r)
(kmlNλN |lY λY )
 jN jY klY lN 1/2

∫
dΩY ∗lY λY (rˆ)YlNλN (rˆ)Y
∗
lµ(rˆ)YLM(rˆ)
][
. . .′
]
.
Here, [. . .′] stands for the bracket with same relations, but with lined sum indexes and
integration variables.
Let I lγY γN denote the integral over the radius r
I lγY γN =
∫
dr u∗nY jY lY (r)unN jN lN (r) j˜l(r)RNL(r).
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After using the formula2 for integration of four spherical harmonics, we get
I =
(4π)2
(2L+ 1)(2Ji + 1)
∑
M
∑
lµ
∑
km[ ∑
nY jY lY
∑
nN jN lN
∑
λY λN
I lγY γN (−1)(2jY −jN+lN−λY −λN+3/2)√
(2jY + 1)(2jN + 1)
2lY + 1
(kmlN λN |lY λY )
 jN jY klY lN 1/2

∑
LαMα
√
(2lY + 1)(2lN + 1)(2l + 1)(2L+ 1)
(4π)2(2Lα + 1)2
(lY 0 l0|Lα0)(lY λY lµ|LαMα)(lN0L0|Lα0)(lNλN LM |LαMα)
][
. . .′
]
.
Now we modify the expression with Clebsch-Gordan coefficients:
∑
λY λNMα
(−1)(−λY −λN )(kmlN λN |lY λY )(lNλN lµ|LαMα)(lNλN LM |LαMα) =
(−1)(Lα+l+lY −m)
√
(2Lα + 1)2(2lY + 1)
(2L+ 1)
(kmlµ|LM)
 lN Lα Ll k lY
 .
After substituting into previous formula and performing straightforward rearrange-
2
∫
dΩY ∗l1m1Y
∗
l2m2
Yl3m3Yl4m4 =
∑
LM
√
(2l1 + 1)(2l2 + 1)
4π(2L+ 1
(l10 l20|L0)(l1m1 l2m2|LM)√
(2l3 + 1)(2l4 + 1)
4π(2L+ 1
(l30 l40|L0)(l3m3 l4m4|LM)
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ments, we get:
I =
1
(2L+ 1)(2Ji + 1)
∑
M
∑
lµ
∑
km
(2l + 1)(km lµ|LM)2[ ∑
nY jY lY
∑
nN jN lN
I lγY γN (−1)(2jY −jN+lN+3/2)
√
(2jY + 1)(2jN + 1)(2lN + 1)
 jN jY klY lN 1/2
 (B.3)
∑
Lα
(−1)(Lα+lY )
√
(2lY + 1)(lY 0 l0|Lα0)(lN0L0|Lα0)
 lN Lα Ll k lY
][ . . .′ ].
The sum over M,m, µ gives
∑
Mmµ
(km lµ|LM)2 = 2L+ 1,
and the sum on the last row of (B.3) can be performed explicitly
∑
Lα
. . . = (−1)(k) 1√
2l + 1
(L0 k0|l0)(lN0 k0|lY 0).
We can add any integer into the exponent of (−1), because the sign of the expres-
sion inside the brackets is irrelevant, when they are multiplied by each other. 2jY is
surely odd number so we can omit it. Hence, the substitution (−1)(2jY −jN+lN+3/2) by
(−1)(jN+lN+1/2) does not change the final result.
Consequently, we get
I =
1
2Ji + 1
∑
kl
(l0 k0|L0)2
∣∣∣ ∑
nY jY lY
∑
nN jN lN
I lγY γN (−1)(jN+lN+1/2)
√
(2jY + 1)(2jN + 1)(2lN + 1)(lN0 k0|lY 0)
 jN jY klY lN 1/2

< Jf ; ...‖Oˆ(k)‖Ji; ... >
∣∣∣2.
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Now, we assume that the reaction takes place from a nucleon shell nN lN to a hyperon
shell nY lY and perform the sum over all final states∑
f
1
2Ji + 1
< i||Oˆ+(k)||f >< f ||Oˆ(k)||i > .
We use the relation of closure
∑
f |f >< f | = 1, and the definition of the reduced
matrix element < i||Oˆ(k)||i >= (2Ji + 1)
∑
m < i,mi|Oˆ(k,m)|i,mi > .
The operator Oˆ(k,m) can be expressed as the tensor sum of creation and annihila-
tion operators:∑
m
∑
mY ,mN ,m
′
Y
,m′
N
(jYmY jNmN |km)∗ (j′Ym′Y j′Nm′N |km) < i|aj′Y ,m′Y a+j′N ,m′Na
+
jY ,mY
ajN ,mN |i > .
Since there is no hyperon in the initial state, hyperon operators yield δjY j′Y δmYm′Y .
The sum over m,mY of Clebsch-Gordan coefficients gives δmNm′N δjN j′N and
< i|a+jN ,mNajN ,mN |i > is a number of nucleons in a state jNmN . The sum over mN yields
the number N(jN) of nucleons in the shell jN .
Now, we can express the integral I:
InN lN→nY lY =
∑
k,jY ,jN
(2k + 1)(2lN + 1)(2jY + 1)
 jN jY klY lN 1/2

2
N (k)γY γNN(jN),
last row where
N (k)γY γN =
∑
l
(L0 k0|l0)2|I lγY γN |2.
We assume that the integrals I lγY γN are almost independent of jY , therefore we can
sum over all jY . Using the relation of orthogonality for 6j-symbols
3, we finally obtain
InN lN→nY lY =
∑
k
(2k + 1)(lN0 k0|lY 0)N (k)γY γNN(jN). (B.4)
3
∑
j(2j + 1)(2k + 1)
 a b jc d k

 a b jc d k′
 = δkk′
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